Abstract-On the basis of the extended Huygens-Fresnel principle, the cross-spectral density matrix (CSDM) of partially coherent Gaussian Schell-model (GSM) beams in the slant atmospheric turbulence is derived. Given that the light emitted from a transmitter is elliptically polarized light, the degree of polarization (DoP) of the partially coherent GSM beams is represented by Stokes parameters expressed by the elements of the CSDM. The expressions of the orientation angle, polarized light intensity in the major axis are derived and the numerical results are presented. Depolarization theory is studied using a Mueller matrix and the depolarization index (DI) is obtained to describe the depolarized state of the partially coherent GSM beams propagating in the slant atmospheric turbulence. Results show that the DOP and DI of the beam tend to their initial value in the long-range propagation.
INTRODUCTION
Studies on light beams propagating through atmospheric turbulence are highly important for many applications such as tracking, remote sensing, and space optical communications. Aside from fully coherent Gaussian beams, the statistical properties of scalar partially coherent GSM beams propagating in atmospheric turbulence have been extensively investigated. Some scholars have recently studied partially coherent optical vortex beams propagating through atmospheric turbulence [1, 2] . Ngo and Pemha [3] investigated the propagation of a laser beam through a plane and free turbulence heated airflow. The average intensity and spread of partially coherent standard and elegant Laguerre-Gaussian beams in atmospheric turbulence were shown in [4] . The average intensity and spread of partially coherent four-petal Gaussian beams in atmospheric turbulence were also investigated [5] . Researchers from our group have studied log-amplitude variance, beam spread, wander variance, and scintillation considering the inner and outer scales of Gaussian beams propagating through slant atmospheric turbulence [6] [7] [8] . On the basis of the extended Huygens-Fresnel principle, we also studied the scattering of partially coherent GSM beams from a diffused target in the slant double-passage atmospheric turbulence [9] .
A diagnosis method for articular cartilage damage using polarization-sensitive optical coherence tomography was discussed by Shyu et al. [10] . Zhu et al. [11] deal with the design, fabrication and measurement of a polarization insensitive microwave absorber based on metamaterial. The design and realization of a multi-band and polarization insensitive metamaterial absorber were presented by Huang and Chen [12] . Wolf [13, 14] proposed the unified theory of coherence and polarization, which enables the determination of changes in beam statistical properties, including spectral density, spectral coherence degree, and state of polarization (i.e., the size, shape, and orientation of the elliptically polarized light). In [15] , the authors derived a generally analytical formula for the elements of the CSDM of isotropic, semi-isotropic, and anisotropic partially coherent flat-topped beams propagating in atmospheric turbulence.
Many theoretical studies on partially coherent electromagnetic beams due to using the CSDF result in simplification [16] [17] [18] . The unified theory of coherence and polarization indicates that the changes in the DoP of a light beam propagating in any linear medium are either deterministic or random. The researchers from Wolf's group [19] investigated the changes in the polarization of electromagnetic Gaussian-Schell model (EGSM) beams propagating through atmospheric turbulence. And they also studied the effects of atmospheric turbulence on the DoP of a partially coherent EGSM beam, as well as DoP behavior in the region of space where the beam and atmospheric turbulence exist simultaneously [20] . Sihvola [21] presented the depolarization factors for anisotropic metamaterials. And G. R. Lin et al. [22] observed nonlinear depolarization on randomly sub-wavelength corrugated semiconductor nano-pillar and second-order scattering induced reflection divergence. Wang and Li [23] studied the scattering from a two-dimensional (2-D) perfectly electrically conducting (PEC) cylinder partially embedded in a random dielectric rough surface interface for the case of horizontal polarization.
The depolarization of a linearly polarized laser beam was investigated in Ref. [24] using an optical path of 4.5 km. Gil and Bernabeu [25, 26] introduced the depolarization index (DI), which features a well-defined and useful geometric meaning in the configuration space of the Mueller matrix. Two single-number metrics for the depolarization of samples were differentiated by Chipman [27] . The average DoP of the exiting light averaged over the Poincaré sphere and the DI (even though it is very often close to the average DoP) can differ by more than 0.5 for certain Mueller matrices. Zhu and Cai [28] derived analytical formula for the CSDM of a twisted electromagnetic Gaussian Schell-model (TEGSM) beam propagating through an astigmatic ABCD optical system in gain or absorbing media and studied numerically the evolution properties of the DoP of a TEGSM beam in a Gaussian cavity filled with gain media. The aforementioned studies focused on the uses of partially coherent beams propagating in horizontal atmospheric turbulence and free space. However, the polarized light intensity and depolarized state of the beams have not been extensively studied. The present paper focuses on discussing the effects of atmospheric turbulence on the statistical polarization characteristics of partially coherent GSM beams in a slant path. We concentrate on the depolarization theory of an elliptically polarized GSM beam using a Mueller matrix and obtain the DI. It is important to study the changes in the degree of polarization of partially coherent beams propagating through atmospheric turbulence, and it has applications in free space optical communication and high power laser beam propagation in atmosphere.
THEORETICAL FORMULATIONS
The field propagates from the source plane z = 0 to the plane z > 0 where atmospheric turbulence exists. To describe the second-order coherence properties of the partially coherent beam, a 2 × 2 CSDM was introduced [20] :
where < · > represents the ensemble average over the medium statistic, the asterisk denotes the complex conjugate, and E i , E j are the fields in two mutually orthogonal directions perpendicular to the propagation direction of the beam (z axis). The two mutually orthogonal transverse fields of the beam in atmospheric turbulence can be expressed using the extended Huygens-Fresnel principle:
where E( ρ, L) and E 0 ( r , 0) are the field distributions in the receiver ( ρ, L) and source ( r , 0) planes, respectively, and ψ( r , ρ) represents the phase perturbation determined by the properties of the medium.
Using (1) and (2), the CSDM of the partially coherent beam propagating in atmospheric turbulence is written as
where k = 2π/λ is the optical wave number in free space, W
ij ( r 1 , r 2 ) denotes the elements of the CSDM at source plane z = 0, and m represents the ensemble average over the turbulence medium. In addition [29] exp ψ(
where 
where
is the coherence length of a spherical wave propagating in the slant atmospheric turbulence and C 2 n (ξL) is the refractive index structure constant of the atmosphere obtained by the International Telecommunication Union [31] .
Using (4) and (5), let
For the GSM beams, the CSDM in source plane z = 0 has the elements [32] 
where A i , A j , B ij are the coefficients and σ 2 i , σ 2 j are the waist sizes of an elliptical Gaussian beam in the x and y directions, respectively. δ ij is the coherence length of the source at plane z = 0. Parameters A i , B ij , σ i , δ ij are independent of position and satisfy the following expressions [32] :
ji , and δ ij = δ ji (8) where B xy = B * yx = a exp(iφ), a is the amplitude, and φ is the phase delay of the electric vector in the y direction relative to the x direction.
In the conversion of coordinate r c = ( r 1 + r 2 )/2, we obtain
By integration, (10) is obtained as follows:
The polarization matrix of the partially coherent GSM beams in the slant atmospheric turbulence is represented in the form 
Degree of Polarization
The Stokes parameters, which include DoP information, can be expressed in terms of the elements of the CSDM using the following formulas [32] :
Using (7) and (14), the Stokes parameters and DoP in source plane z = 0 can be expressed as
Using (11) and (14), the Stokes parameters and DoP in the plane z > 0 are given by
In this paper, the following parameters are used: B xy = 0.5 exp(iπ/3), δ xy = δ yx = 4 mm, and δ xx = 1 mm, δ yy = 2 mm. Source polarized light intensity ratio I x /I y = A 2 x /A 2 y . The influence of spot sizes, wavelengths, and propagation heights on the DoP is depicted in Figures 1-4 . Figure 1 shows that when L > 100 m, with increasing propagation distance, the variation trends of the DoP of the beams with I x /I y ≤ 1 differ from that of the DoP of the beams with I x /I y > 1. For I x /I y > 1, the greater the ratio, the larger the DoP is, but for I x /I y < 1, the greater the ratio, the smaller the DoP is. The variation trends in Figure 1 are similar particularly to Figure 6 in [20] for I x /I y < 1. The variation trends of the DoP of the beams with I x /I y = 1 (circularly polarized light) and I x /I y < 1 are also similar, and the variation in the DoP is clearly observable at a moderate turbulence level, in which phase perturbation is dominant. In short-range propagation, the strength of turbulence is negligible. Hence, the DoPs of the beams with source polarized light intensity ratios of 4 and 1/4 or 8 and 1/8 are almost identical at 200 m (at a weak turbulence level). The results differ considerably in the range 200 m-10 km (at a moderate turbulence level). Figure 2 shows that at a certain distance (about at 10-30 km), the DoP reaches its maximum value. The DoP of the beams with I x /I y = 1/2 is greater than that of the beams with I x /I y = 2. At I x /I y > 1, a greater ratio indicates a larger DoP. When the propagation distance is greater than 10 km, a larger the spot size yields a greater DoP. In the range 100-500 m (at a weak turbulence level), the influence of spot size on the DoP is minimal. If the spot size is smaller than or equal to 1 cm, the variation in the DoP of the beams is imperceptible when the propagation distance is greater than 2 km. However, the variation in the DoP visibly changes when the spot size is greater than 1 cm. Figure 3(a) illustrates that at a 3.5 km distance, the DoP of the beams with I x /I y = 1 (circularly polarized light) reaches its maximum. In Figure 3(b) , the variation trend of the DoP of beams with I x /I y = 2 differs from that of the DoP of beams with I x /I y = 1/2. Moreover, the variation in the beams with I x /I y = 1/2 is almost monotonic.
As shown in Figure 4 , the shapes of light spots and source polarized light intensity ratios influence the variation trends of the DoP with increasing propagation distance. Figure 4 (a) shows that with σ x = σ y = 2 cm (the shape of the light spot is circular) and at a 3.5 km distance, the DoP reaches its maximum, similar to that observed in Figure 3(a) . In sufficiently short-and long-range propagation, the strength of the turbulence is negligible and overcomes the change in polarization caused by phase perturbation. Hence, the DoP value is small. Figure 4 (b) illustrates that with σ x = 1 cm, σ y = 2 cm (the shape of the light spot is elliptical), the DoP differs from that in Figure 4 (a). The variation trend of the DoP of the beams with I x /I y = 2 differs from that of the DoP of the beams with I x /I y = 1/2. The variation of the beams with I x /I y = 1/2 is also monotonic. Figure 4 shows the smaller the receiving height, the larger the DoP is.
Orientation Angle
Orientation angle θ 0 is the smallest angle that the major axis of the polarization ellipse creates with the x direction. Therefore, the x and y coordinate system is rotated counterclockwise with respect to the positive z direction, and is presented using the following formula [15] :
Substituting (11) into (19) yields
When the spot is elliptical, the value of orientation angle does not equal zero, this value is zero at a weak turbulence level (in the range 100 m-1 km) when the spot is circular ( Figure 5 ). The orientation angle visibly changes at a moderate turbulence level (in the range 1-10 km), in which the orientation angle reaches its maximum. The orientation angle with ρ > 0 (considering beam expansion) is smaller than that with ρ = 0. The variation in orientation angle of the beams with ρ > 0 is more rapid than that of the beams with ρ = 0 at a moderate turbulence level. This variation speed is due to the influence of beam expansion on the orientation angle. When the propagation distance is greater than 15 km, the influence of transverse distance ρ on the polarized orientation angle is minimal, and the orientation angle no longer varies with increasing propagation distance. 
Polarized Light Intensity in the Major Axis Direction
The orientation angle is the separation angle between the x axis and major axis of the polarization ellipse, the electrical field in the major axis direction is written as
Thus, the polarized light intensity in the major axis direction is obtained:
where Re represents the real part derivation. Figure 6 shows that in the range 10-100 km, the variation in polarized intensity is clearly observable and at a 26.5 km distance, polarized intensity reaches its maximum value. When the polarized orientation angles are 0 
The Mueller matrix contains 16 degrees of freedom (DOFs), in which seven DOFs are nondepolarization factors caused by diattenuation, retardance, and polarization-independent loss such as absorption. The other nine DOFs are depolarization factors that describe how different states of polarization are depolarized.
In atmospheric turbulence, depolarization occurs when the DoP of the exiting beam is less than that of the incident beam. The reduction in the DoP (depolarization phenomenon) assumes the entire range from 0% (no depolarization) to 100% (complete depolarization).
Using (14), (15) , and (23), we represent the Mueller matrix of the ellipse polarization in slant atmospheric turbulence as
Let ρ = 0. The elements of the Mueller matrix are calculated as
Equation (25) shows that the Mueller matrix is associated with incident wavelength, spot size, coherence length, and propagation height. Thus, the depolarized state varies with incident-polarized states.
Depolarization Index
The DI as a single number metric for characterizing the depolarization of a Muller matrix was proposed in [26] . It is defined as
DI = 1 corresponds to non-depolarizing Mueller matrices and DI = 0 corresponds to an ideal depolarizer.
The numerator represents the Euclidean distance from the ideal depolarizer to the nondepolarizing Mueller matrix. The denominator represents the radius of the hyperspherical surface of non-depolarizing Mueller matrices for M 00 .
Using (24) and (26), the DI is obtained as follows:
When a DI is greater than one or less than zero, a nonphysical Mueller matrix is represented. In practice, nonphysical Mueller matrices are occasionally elicited by measurement error, calibration error, and noise. Figure 7 (a) shows that the higher the receiving height, the larger the DI is. The peak value of the DI corresponds to a greater slant propagation distance when the receiving heights are large. As shown in Figure 7(b) , the greater the spot size, the larger the DI is, and the maximum DI visibly increases. The propagation distance corresponding to the peak value of the DI shifts to a larger value as spot sizes increase. As seen in Figures 7(a) and 7(b), the influence of spot size on the DI is greater than that of the receiving height. The variation in the DI is clearly observable at a moderate turbulence level (1-10 km), in which phase perturbation is dominant. In sufficiently short-and long-range propagation, the strength of turbulence is negligible and overcomes the change in the DI caused by phase perturbation. Thus, the value of DI approaches zero; i.e., no depolarization phenomenon is generated at weak and strong turbulence levels.
CONCLUSION
In this study, the CSDM of partially coherent GSM beams in slant atmospheric turbulence is derived. The DoP, orientation angle, and polarized light intensity in the major axis are also derived. In addition, DI is obtained to describe the depolarized state of partially coherent GSM beams. Phase fluctuation is considered and the DoP, orientation angle, and polarized light intensity exhibit a rapid variation trend at a moderate turbulence level because of dominant phase perturbation. The conclusions are summarized as follows:
(1) The source polarized light intensity ratio, which can be both greater and less than one, influences the variation trend of the DoP as a function of propagation distance. (2) The shapes of light spot can influence the variation trend of the DoP as a function of propagation distance; the smaller the receiving height, the larger the DoP is. (3) In the range 1-10 km (at a moderate turbulence level), the variations in the DoP, orientation angle, polarized light intensity, and DI are clearly observable. (4) At a certain distance, the DI reaches its maximum value. The larger the receiving height and spot size, the greater the DI is. At 100 m-1 km and at greater than 100 km, the DI equals zero and generates no depolarization. 
